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Chapter 1

Duplicate Rate

1.1 Amplicon duplicates

Let N be the number of distinct segments (or seeds) before the amplification and M be the
total number of amplicons in the library. For seed i (i = 1,...,N), let k; be the number

of amplicons in the library and k; is drawn from Poinsson distribution Po(\).
sufficiently large, we have:

N e’}
M=) ki=N> kpr=NX
=1 k=0

where pp = e A\ /kL

When N is

At the sequencing step, we sample m amplicons from the library. On the condition that:

m M

we can regard this procedure as sampling with replacement. For seed ¢, let:

X 1 seed ¢ has been sampled at least once
| 0 otherwise

and then: .

Let:

be the number of seeds sampled from the library. The fraction of duplicates d is:

4 = 129
m
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i.e.

d =~ 1—%(1—e*mﬂv) (1.2)

irrelevant of A. In addition, when m/N is sufficiently small:

m

~ N (1.3)

This deduction assumes that i) k; < M which should almost always stand; ii) m < M
which should largely stand because otherwise the fraction of duplicates will far more than
half given A ~ 1000 and iii) k; is drawn from a Poisson distribution.

The basic message is that to reduce PCR duplicates, we should either increase the original
pool of distinct molecules before amplification or reduce the number of reads sequenced from
the library. Reducing PCR cycles, however, plays little role.

1.2 Alignment duplicates

For simplicity, we assume a read is as short as a single base pair. For m read pairs, define
an indicator function:

V. 1 if at least one read pair is mapped to (4, 5)
: 0 otherwise

Let {px} be the distribution of insert size. Then:
- _ 11— Dj—i ™ —pj—i-m/[L—(j—1)]
EY;; =Pr{Y;; =1} =1 {1 - } ~]1—e P
J { J } I (,7 Z)

where L is the length of the reference. The fraction of random coincidence is:

d = 1—liiEY~
m *

i=1 j=i

1L i i (1= ePomim/ ==
m

i=1 j=i
1 L-1

_ = — — e~ prm/(L—F)

1-— S (L —k)[1—eP ]

k=0

12

On the condition that L is sufficient large and:

m < L (1.4)
) m L-1 p%
k=0

We can calculate/approximate Equation 1.5 for two types of distributions. Firstly, if py
is evenly distributed between [ko, ko + k1], d' ~ ﬁ Secondly, assume k is drawn from
N(p,0) with o > 1:

1 k+1 _ (1—15)2 d 1 _ (k—l;)z
P = —F— e 20 T~ —¢ 20
2o Jik V2ro
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Ifpo<« 1, p< Land L>1:
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Chapter 2

Base Alignment Quality (BAQ)

Let the reference sequence be x = ry...r;. We can use a profile HMM to simulate how a
read y = "¢; ...¢$ with quality z = g1 ... q is generated (or sequenced) from the reference,
where ~ stands for the start of the read sequence and $ for the end.

S
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Figure 2.1: A profile HMM for generating sequence reads from a reference sequence, where L is the
length of the reference sequence, M states stand for alignment matches, I for alignment insertions
to the reference and D states for deletions.

The topology of the profile HMM is given in Fig 2.1. Let (M,I,D,S) = (0,1,2,3). The
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transition matrix between different types of states is

(1-20)(1—-38) a(l—s) al(l—s) s
A = (aj)axa = (1 71B)_(157 °) B(l(; °) 2 (S)
(1-a)/L a/L 0 0

where « is the gap open probability, 8 is the gap extension probability and s = 1/(2l)
with [ being the average length of a read. As to emission probabilities, P(c¢;|Dy) = 1,
P("|S) = P($]S) = 1, P(c;|I) = 0.25 and

1—10"%/10 {fp =p;

P(bi|My) = eri = { 10-9/10/3  otherwise

The forward-backward algorithm' is as follows:

fs(0) 1

far, (1) = er1-aso

fn(1) = 0.25-ay

fa, () = ewi- [aooka,1 (t—1)+awfr,_,(i—1)+afp, , (i — 1)}
fr.() = 025 [amek (i — 1)+ an fr (i — 1)]

fo.(1) = aoafm,_, (i) +azfp,_ ()

L
fs(U+1) = Y aosfur, (1) + arsfr, (1)
k=1

bs(l+1) = 1
ba, (1) = aos
br,(I) = a3
bar, (i) = ert1,i+1000b01,4, (i + 1) + ao1br, (i + 1) /4 + ag2bp, ., (4)
br, (i) = ert1it101000,,, (i + 1) +a11by, (i +1)/4
ka (Z) = (1 - 5;‘1) : [6k+1,i+1a20ka+1 (Z + 1) + a22ka+1 (Z)
L
bs(0) = ZekchSOka(l) + azbr, (1)/4
k=1

and the likelihood of data is P(y) = fg(L + 1) = bg(0)*. The posterior probability of a read
base ¢; being matching state k (M- or I-typed) is f;(2)b;.(7)/P(y).

IWe may adopt a banded forward-backward approximation to reduce the time complexity. We may also
normalize f, (i) for each i to avoid floating point underflow.
2Evaluating if fs(L + 1) = bg(0) helps to check the correctness of the formulae and the implementation.



Chapter 3

Modeling Sequencing Errors

3.1 The revised MAQ model

3.1.1 General formulae
Firstly it is easy to prove that for any 0 < B, <1 (0 <k <n),

n

k—1 n
Z(l - ﬁnk) H 6nl =1- H 6nk)
1=0 k=0

k=0

where we regard that H;:lo Brni = 1. In particular, when 3k € [0,n] satisfies B, = 0, we
have:

NE

k—1
(1= Bur) [ Bri =1
i=0

E
I

0
If we further define:

k—1
Qpf = (1 - ﬁnk) H Bni (31)
=0

on the condition that some S, = 0, we have:

k
ﬂ k = 1-— Ank — 1- Zi:o Qg o Z?:qul [67%Y3
" k-1 B k—1 - n )
1= Zi:o Qg 1- Zi:o Qpg Zi:k Qpj

In the context of error modeling, if we define:

B 2 Pr{at least k + 1 errors|at least k errors out of n bases} (k > 0)
"k =\ Pr{at least 1 error out of n bases} (k=0)

we have f,, =0, and
k—1
A
Vnk = H Bni = Pr{at least k errors out of n bases}
1=0
then
ank = (1 = Bni)vnk = Pr{exactly k errors in n bases}
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3.1.2 Modeling sequencing errors

Given a uniform error rate € and independent errors, let

Qi (€) = (Z) (1 —enF

Z?:k.u ani(€)
> ik Qni(€)

we can calculate that the probability of seeing at least k errors is

Yk (€ H Bk (e

When errors are dependent, the true B, will be larger than B,5. A possible choice of
modeling this is to let

and

Bnk‘ (6) =

where 0 < fi <1 models the dependency for k-th error. The probability of seeing at least k

errors is thus
’Ynk: H 5

For non-uniform errors ¢; < e < -+ < €,, we may approximate v, (€) as

k—1
fYnk(a = H B::Ll(el-‘rl)

=0

3.1.3 Practical calculation

We consider diploid samples only. Let g € {0, 1,2} be the number of reference alleles. Suppose
there are k reference alleles whose base error rates are ¢; < --- < €, and there are n — k
alternate alleles whose base error rates are ¢ < --- <¢ _,. We calculate

k—1

P(D[0) = yui(&) = [ BL (e141)
=0

n—k—1

P(D2) = vnr(¢ H 5nl €z+1

P =5-(})

where f; = 0.979™ ! + 0.03 with &; being the rank of base | among the same type of bases
on the same strand, ordered by error rate. For sequencing data, error rates are usually
discretized. We may precompute (3, (¢) for sufficiently large n' and all possible discretized
€. Calculating the likelihood of the data is trivial.

and

ISAMtools precomputes a table for n < 255. Given higher coverage, it randomly samples 255 reads.
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3.1.4 The original MAQ model
The original MAQ models the likelihood of data by

k—1

ann(e) = (1= B T 3

i=0

instead of v,k (€¢). For non-uniform errors,

Ank E‘) = an H 67,+1

where -
Zi:o filog €i+1

loge = T
Zi:() fz

and o .
ene(®) 2 [1 = Bl }[[[5’“ ]

The major problem with the original MAQ model is that for e close to 0.5 and large n,
the chance of seeing no errors may be so small that it is even smaller than the chance of
seeing all errors (i.e. ano < Qpp). In this case, the model prefers seeing all errors, which
is counterintuitive. The revised model uses the accumulative probability 7,; and does not
have this problem. For small € and n, the original and the revised MAQ models seem to have
similar performance.
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Chapter 4

Modeling Multiple Individuals

4.1 Notations

Suppose there are N sites from n individuals with i-th individu_gl havirig m; ploids. Let
M = 3", m; be the total number of chromosomes. Let D = (Dy,...,Dy)" be the data

matrix with vector ﬁa = (Da1, - .., Dan) representing the alignment data for each individual
at site a. Similary, let G = (Gg,...,GN)T and Gy = (Ga1,- .., Gan) be the true genotypes,
where 0 < G4; < m; equals the number of reference alleles . Define

Xo=Xa(Ga) 2D Gas (4.1)

to be the number of reference alleles at site @ and X = (Xi,...,Xn)T. Also define ® =
(¢o,...,¢n) as the allele frequency spectrum (AFS) with ), ¢r = 1.

For convenience, we may drop the position subscript a when it is unambiguous in the
context that we are looking at one locus. Also define

P(Dilgi) £ Pr{D;|G; = g;} (4.2)

to be the likelihood of the data for individual ¢ when the underlying genotype is known.
P(D;lg;) is calculated in Section 4.4. And define

Plaito) = () o1 oy (43)

to be the probability of a genotype under the Hardy-Weinberg equilibrium (HWE), when the
site allele frequency is ¢.

4.2 Estimating AFS

4.2.1 The EM procedure

We aim to find ® that maximizes P(D|®) by EM. Suppose at the t-th iteration the estimate
is ®;. We have

log Pr{D,X = x|®} = log Pr{D|X = x} Pr{X = x|®} = C + > log¢s,

LIf we take the ancestral sequence as the reference, the non-reference allele will be the derived allele.

13



14 CHAPTER 4. MODELING MULTIPLE INDIVIDUALS

where C' is not a function of {¢;}. The EM @ function is?
Q(|®;) = Y Pr{X=x/D,&}logPr{D,X = x|®}

C+ Y T Pr{Xa =@l Do, 1} Y " log o,
X a b

N M
C+> Y Pr{X, = 4| Do, ®:}log 5,
a=1xz,=0
Requiring 0y, (Q — A )", ¢1) = 0 leads to
1 .,
— N Pr{X, = k|D,,®} -~ A=0
2P Xa =MD,
from which A can be calculated as:
A= Pr{X,=k|D,, &} =N
k a
and thus at the (¢ + 1) iteration:
1 .
() 5 ST Pr{X, = k[ D,, ®,} (4.4)

where Pr{X, = k|D,, ®;} is calculated as follows.

4.2.2 The distribution of site reference allele count

Firstly, as we are only looking at a site from now on, we drop subscript a for convenience.

Without proof?, we note that
M m;
<k> => ks ] ( )
- S\

where ‘
J
5i(g) £ Zgi
i=1

and 0y, = 1 if K = [ and 0 otherwise. The probability of sampling § conditional on ), g; = k
is Oks,.(5) 1 I (’Z)/(I,Vf) With this preparation, we can calculate?

Pr{D|X =k} = Y Pr{D,G=jX=k}

g
Zak,sn@ Pr{D|G = 7} Pr{G = §|X =k}
g

Z5k,3n(§) HP(Di|gi) : Hj(]\g;?)
F; i k

1 m;
= W) %:5k,sn(§) 1:[ (gz' >P(Di|9i)

2We assume site independency in the following.

3Supposedly, this can be proved by polynomial expansion. Wiki gives a simplified version of this formula
as generalized Vandermonde’s identity.

4The derivation below does not assume Hardy-Weinberg equilibrium.
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where P(D;|g;) £ Pr{D;|G; = g;} is the likelihood of data when the underlying genotype is
known. To calculate Pr{D|X = k}, we define

my mj j ,
223 Y1 (m%)Pwngi)
g1:0 gj:()izl g’L

for 0 <k < 23:1 m; and 0 otherwise. It can be calculated iteratively with®

mj

M
ij = Z Zj—l,k’—gj . < ]>P(D]g]) (45)
;=0 9i
935
with zgg = 1. Thus
Pr{D|X = k} = &
(%)
and
2 (M
Pr{X — kD, o) = A PHDIX =k} Prnn/ () (4.6)

S aPr{DIX =1} X éza/ (V)

4.2.3 Numerical stability

Numerical computation of Eq. (4.5) may lead to floating point underflow for large n. To
avoid this, let y;i = zjk/(l‘gﬂ'), where M; = >"7_ m;. Eq. (4.5) becomes

m;—1 m; m;—1
UL My —k+1+1 m;
A M,_,—1] Y 1k—g. - P(D.la:
Yik (l— Mj 1-1) H k—1 Yji—1,k—g; <g> ( J|gj)

0 9;=0 \ l=g; J
In case of diploid samples,
1 . ) )
L ey [(23 —k)(2j — k= 1) yj—16P(Dj|{aa)) + 2k(2j — k) - yj—1,k—1P(D;|(Aa))

+k(k —1) - yj—1,6—2P(D;|(AA))

However, this is not good enough. y;; still decreases exponentially with increasing j. To
solve this issue, we rescale y;;, for each j. Define
- Yjik
Yik = jj
Lt
=1

where t; is chosen such that ), 9;; = 1. The posterior is

¢k:gnk
Z[ (blgnl

It should be noted that P(D;|g;) can also be rescaled without affecting the calculation of
the posterior. Furthermore, in the {7;r} matrix, most of cells should be close to zero.
Computation of ¢, can be carried in a band instead of in a triangle. For large n, this may
considerably reduce computing time.

Pr{X = k|D,®} =

5To make it explicit, for diploid samples, if A is the reference allele:

zjk = zj—1,.P(Djl{aa)) + 2z;_1 x—1 P(Dj|(Aa)) + zj_1, k2 P(D;|(AA))
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4.2.4 The initial AFS

The EM procedure garantees that Pr{D|®} monotomically increases with each iteration and
converges to a local optima. However, if we start this iteration from a bad initial AFS, we
may need many iterations; the iteration is also more likely to be trapped by a local optima.
Here we give several AFS on different conditions under the infinite-site Wright-Fisher model.

Let ¢}, be the probability of seeing k non-reference alleles out of M chromosomes. The
frequency of reference alleles ¢y, equals ¢y, .

If we take the ancestral sequence as the reference, the standard model gives ¢} = 6/k
and ¢y = 1 — >, ¢,. When we do not know if the reference allele is ancestral, the same
conclusion still stands. To see this, for k& > 0:

¢,_M+1—k: 0 0 9
T M+ Tk

k+M+lfk

and for £ = 0:
M+1 9

0 M g
=1 — =1- —
Z ;k+M+1 ;k

where the first term corresponds to the case wherein the reference is ancestral and the second
to the case wherein the reference is derived.

Another useful AFS is the derived allele frequency spectrum on the condition of loci being
discovered from two chromosomes. Under the Wright-Fisher model, it is:

, 2AM+1—k)
O = (M +1)(M +2)

A third AFS is the derived allele frequency spectrum on the condition of knowing one
derived allele from a chromosome. It is a flat distribution

1
o
¢’“‘M+1

4.2.5 Estimating site allele frequency
Here we aim to find ¢ that maximises Pr{D|¢}. We have:

log Pr{D, G = gl¢} = log [ [ P(Dilg:)P(gil¢) = C+ D log P(gil )

Given an estimate ¢; at the ¢-th iteration, the Q(¢|¢;) function of EM isS:

Qlgr) = D Pr{G=g|D,é:}logPr{D,G = glg}
7

= C+ ZHPI{GZ' = gi‘Du(bt}ZlOgP(ng)
gi J

= C+ Z Z Pr{G; = gi|D;, ¢:} log P(g;|$)
i=1 gi=0
= C+ ZZPT{Gi = 9| Di, ¢} log; <T;i>¢gi(1 -
i gi !

= O+ Z ZPr{Gi = g;|Di, ¢: } {gi log ¢ + (m; — g;) log(1 — ¢)}

i Gi

6We assume Hardy-Weinberg equilibrium in the derivation.
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Requiring 0,Q = 0 gives:
¢

=¢t+1

1
Sl —uen) 21: %:Pr{G,; = gi|Di, ¢t }(9i — midr41) =0

Thus

Pr1 = (4.7)

? D 1 1| Pt
PI‘{G = gZ|Du¢t M Z Zg? ‘g |g) (g ‘qﬁ )

7 2. P(Dilgi) P(gil61)
which is the EM estimate at the (¢ + 1)-th iteration and also the expected reference allele
frequency.

4.2.6 Joint distribution of allele counts for 2 samples

Suppose at a locus we have two data sets D’ and D", with n/ samples m’ haplotypes and
n' samples and m” haplotypes, respectively. Let n = n’ +n” and m = m' + m” and
D = D' @ D" be the joint of the two data sets. In addition, let X' =", G, X" =%, G/,

and X = X’ + X”. We have
Pr{D'|X' =k} = 27

(k/)

Pr{ﬁ//lX// _ k//} — Z;{”k”
(%)

and

g =g g g ’I’L /Z 1101
PI‘{D’,D”|X’ _ k/,X” _ k”} _ Pr{D’|X’ _ k/}PI‘{D"|X” _ k”} _ 'k M’]?
(k/)<k~)
where
g1=0 g5 r=014'=1

and similar to 27,,.. If we note that

M/ Ml/
Pr{X’ _ k‘/,XN — k//lq)} _ ¢k . (k’ )Agk”)
(%)
and by definition

Znk = Zn/4n’ k' +k = E ket oo
{k/7k”‘k¢/+]€”:k}}

we have
Pr{D|®} => Pr{D,X =kl®} = > Pr{D', D" X' =k X" =K"|®}
k k',k}”
Thus we can derive the joint distribution:
(ybk/—'rk// Z,'/,lel Z’Z”k”/(k'f]f”)

Pr{X' =k, X" =k'|D,®} =
>y ouen /()
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If we let y;, = zjk/(]\ij) as in Section 4.2.3,

Ok k" Yt b Yot (AZ//)(JZIJI)
Soowa (T

This derivation can be extended to arbitrary number of data sets.

Pr{X' =K X" =k"|D,®} =

4.2.7 Estimating 2-locus haplotype frequency

In this section, we only consider diploid samples (i.e. m; =--- =m, =2). Let D = (5, D")
be the data at two loci, respectively; and H; and H: be the two underlying haplotypes for
individual ¢ with H; € {0, 1,2, 3} representing one of the four possible haplotypes at the 2

loci. We write H = (H;, HJ ) as a haplotype configuration of the samples. Define

e = [h/2] + [k/2]
Gre = (h mod 2)+ (kK mod 2)

which calculate the genotype of each locus, respectively.

Q(dle")) = Z P(H = h|D, ¢")log Pr{D, H = h|¢}

C+ZHP1~{H = h;, H = hl|D, qb(t)}ZlogP hy, ht|@)
C+ZZZPr{H = hi, H = hl|D, ¢® Zlog (¢h,Spt)

Solving 04, Q — A = 0 gives

1 _ )
o = o ZZ (Pr{Hi = haHZ = kD, ¢ + Pr{H, = k7HiT - h|D7¢(t)}>
i R

_ 6§ B0l (PG PDGR) + P(DGu) PG
S Sk 84 03 P(Dil G ) P(D; |G )

4.3 An alternative model

In Section 4.2, ¢ in ® = {¢} is interpreted as the probability of seeing exactly k alleles
from M chromosomes. Under this model, the prior of a genotype configuration is

IT: (3,)
(sn(q))

PI’{G = g‘(I)} qssn(g)

and the posterior is

Psn(3) ) I (ZLl)P(DzL%)
Pr{D|®} ()

Suppose we want to calculate the expectation of ), f;(g;), we can

ZZfz gz Pr{G—g|D } Pr {D|<I)}ZZ Z ken(g)fl 9i ];[( ) D ‘gj)

Pr{G = §|D,®} =



4.3. AN ALTERNATIVE MODEL 19

Due to the presence of d; ,, (7, we are unable to reduce the formula to a simpler form. Al-
though we can take a similar strategy in Section 4.2 to calculate »_, > -, which is O(n?),
another sum >, will bring this calculation to O(n®). Even calculating the marginal prob-
ability Pr{G; = gi\[j, ®} requires this time complexity. All the difficulty comes from that
individuals are correlated conditional on {X = k}.

An alternative model is to interpret the AFS as the discretized AFS of the population
rather than for the observed individuals. We define the population AFS discretized on M
chromosomes as ® = {¢}.}. Under this model,

Pr{G = gl®'} = o [ [ Ploslk/M)
k i

Pr{ézg :Z¢kHPD|gz gzlk/M)

M n m;
PHDI®'} = S Pr{G =5, D'} = Y 4[] Y PDig) Plailk/a1)

k=0  i=1g;=0

and
ZZfi(gi)Pr{é = g|D, "} (49)
- P{;@ 3550 S TT PR Pl )

= PY{D@, quszlgz (Dilga) P(gilk/M) [T D P(Djlg;)Pgslk/M)

J#i 9i

= Pr{D|(I)/ Z¢k HZPD‘QL g;|k‘/M] [Z Z PD|gZ) (gl\k/M)

The time complexity of this calculation is O(n?). Consider that if fi(g:;) = gi, X = Y, fi(G:).
We can easily calculate E(X|D,®) with the formula above.

4.3.1 Posterior distribution of the allele count

Under the alternative model, we can also derive the posterior distribution of X, Pr{X =

k|D,®'} as follows.
M k M—k
M l l
Pr{X = kd'} = (k > S 4 (M> (1 - M)

=0

Then
M l k I M—k
~ _ A N -
Pr{D,X_k|¢>}_znk;¢l (M> (1 M) (4.10)

In fact, we also have an alternative way to derive this Pr{D, X = k|®'}. Let ¢ be the
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true site allele frequency in the population. Assuming HWE, we have

Pr{X =k, D|¢'} Zak on@) Pr{D|G = g} Pr{G = 7|6} (4.11)

= Zék Sn(g)HP Dg;) < > @95 (1 — )i
= ¢*1 )M= kZ ks»,z(‘])H( ) (Dilg:)

= (1 )M~ kznk

Summing over the AFS gives

Pr{D, X = k[®'} =) ¢|Pr{X =k, D|¢/ =1/M}
l

which is exactly Eq. (4.10). It is worth noting that E(X|D,®’) calculated by Eq. (4.11) is
identical to the one calculated by Eq. (4.9), which has been numerically confirmed.

In practical calculation, the alternative model has very similar performance to the method
in Section 4.2 in one iteration. However, in proving EM, we require Pr{X = k|®} = ¢y,
which does not stand any more in the alternative interpretation. Iterating Eq. (4.10) may
not monotonically increase the likelihood function. Even if this was also another different
EM procedure, we have not proved it yet. Yi et al. (2010) essentially calculates Eq. (4.11) for
¢’ estimated from data without summing over the AFS. Probably this method also delivers
similar results, but it is not theoretically sound and may not be iterated, either.

4.4 Likelihood of data given genotype
Given a site covered by k reads from an m-ploid individual, the sequencing data is:

D=(b,....b5) = (1,...,1,0,...,0)
——

where 1 stands for a reference allele and 0 otherwise. The j-th base is associated with error
rate ¢;, which is the larger error rate between sequencing and alignment errors. We have

k l

k
PO =[] [] G-e)=1- > +o | ]]e (4.12)

j=1 7=l+1 j=l+1 j=1

l k

P(Dm)= (1= e +o) | [] (4.13)

j=1 j=l+1
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For 0 < g <m:

Il
g
—
——
S
&
|
S
S
e
Il
S
e
——
=
~
—
&
Il
=

P(Dlg) ..., By = ax|gi4.14)
a1=0 ar=0
ST -2 e
- (1—51)'“1:[;Jpj<a>(mg_g)a
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In the bracket, the first term explains the deviation between I/k and g/m by imperfect
sampling, while the second term explains the deviation by sequencing errors. The second
term can be ignored when k is small but may play a major role when k is large. In particular,
for m = 2, P(D|1) = 27%, independent of sequencing errors.

In case of dependent errors, we may replace:

€1 <€ <<€

with v
;o t
€ = €

where parameter « € [0, 1] addresses the error dependency.

4.5 Multi-sample SNP calling and genotyping

The probability of the site being polymorphic is Pr{X = 0|5, ®}. For individual ¢, we may
estimate the genotype g; as:

N P(Di|g:)P(g:|¢5)
g; = argmax Pr{G; = ¢;|D;, ¢p} = argmax
gi { | 2 9 2, P(Dilhi)P(hil¢r)

where .
o5 = E(X|D,®)/M

This estimate of genotypes may not necessarily maximize the posterior probability P(ﬁ\ﬁ),
but it should be good enough in practice. However, it should be noted that >, g; is usually
a bad estimator of site allele frequency. The max-likelihood estimator by Eq. (4.7) is much
better.



	Duplicate Rate
	Amplicon duplicates
	Alignment duplicates

	Base Alignment Quality (BAQ)
	Modeling Sequencing Errors
	The revised MAQ model
	General formulae
	Modeling sequencing errors
	Practical calculation
	The original MAQ model


	Modeling Multiple Individuals
	Notations
	Estimating AFS
	The EM procedure
	The distribution of site reference allele count
	Numerical stability
	The initial AFS
	Estimating site allele frequency
	Joint distribution of allele counts for 2 samples
	Estimating 2-locus haplotype frequency

	An alternative model
	Posterior distribution of the allele count

	Likelihood of data given genotype
	Multi-sample SNP calling and genotyping


